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Q ∈ N, Potts partition function

Z : Γ −→ Z[x = eβ ]

7→ ZG defined as follows.

• Potts configuration set Σ on graph G:

Σ = hom(VG, Q) (in category Set) ?

• Potts Hamiltonian:

HG : hom(VG, Q) −→ R

f 7→ HG(f) = J
∑

〈ij〉∈EG

δσi,σj + h
∑
i∈VG

δσi,1

Constants J = 1, h = 0:

ZG =
∑

f∈hom(VG,Q)

exp(βHG(f))

Physics: look for stable behaviour in certain limits of large G.
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How compute?

ZGZG′ = ZGtG′

B ⊂ VG ‘boundary’, b ∈ hom(B,Q), define

ZG|B=b
=

∑
f s.t.

f|B = b

exp(βHG(f))

‘partition vector’

ZG|B : hom(B,Q) → Z[x]

b 7→ ZG|B=b
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ZG|B=b|G′ = ZG|B=b ZG′|B=b

ZG.G′ =
∑

b∈hom(B,Q)

” ”

‘partition matrix’

ZT |B,B′ : hom(B,Q)× hom(B′, Q) −→ Z[x]

(b, b′) 7→ ZT |B=b,B′=b′
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Potts Z-functor:

Γ

Z:Γ → Mat(Z[x])

��

=

 Fin
Sets

,
graphs

VG ⊃ S, T
, •



Z(Γ) =

(
Fin set S
→ hom(S,Q)

,
partition
matrix

, .

)

Set = (Sets,hom(−,−), ◦)
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Underlying algebra:

k commutative ring, e.g. C, δ ∈ k

P = (N0, kP(n,m), ∗)

P(n,m) = set partitions of n tm.
Represent partition by picture of graph, using Π : Γ→ P (connected components).

∈ P(4, 5)

∗:
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Theorem
P is a category.

Proof.
check well-definedness and axioms.

Theorem
J = (N0, kJ (n,m), ∗) is a subcategory.

J (n,m) is subset of partitions into pairs.

Theorem
T = (N0, kT (n,m), ∗) is a subcategory.

T (n,m) is subset of partitions with noncrossing pictures.

Aim: ‘geometrical’ extensions of T ⊂ J , interpolating between.
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Definitions (geometry)
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Definition
Pl(n,m) ⊂ P(n,m) with ht(p) ≤ l

Theorem
Pl = (N0,Pl(n,m), ∗) a subcategory.

Proof.
Path in a stack of pictures is still a path...

Theorem
J l = (N0,J l(n,m), ∗) a subcategory.
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Combinatorics.
Problem: Enumerate, say, J l(n, n).

Y =

Theorem (double-factorial)

J (n, n) ∼= WY
∅,∅(2n)

Cf. Robinson–Schented directed walks on Y.

Theorem (Bell)

P(n, n) ∼= WY2
∅,∅(2n)

Theorem (Catalan)

T (n, n) ∼= WA∞
0,0 (2n)
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Yl =

Theorem
J l(n, n) ∼= WYl

∅,∅(2n)

Proof.
Category/Representation theory.

Open problems: Loads!
How draw a low-height picture.
BMW / Knot invariants
Non-semisimple representation theory; Parabolic Kazhdan–Lusztig polynomials
...
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